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Abstract. We prove existence of global attractors for damped hyperbolic equations 
of the form 

eutt + a(x)u t + I3(x)u - ^^{a,ij(x)u Xj ) Xi = f(x, u), x G fl, t G [0, oo[, 

ij 

u(x,t) = 0, x G d£l, t G [0, oo[ . 

on an unbounded domain f2, without smoothness assumptions on /?(•), f(-,u) 
and dfl, and f(x, ■) having critical or subcritical growth. 



1. Introduction 

In this paper we study the existence of global attractors for semilinear damped 
wave equations of the form 

euu + a(x)u t + (3{x)u — Lu = f(x, u), x G O, t G [0, oof , 

u(x,t) = 0, x G 90, t G [0, oo[ . 

Here, N <E N and O is an arbitrary open set in WL N , bounded or not, e > is 
a constant parameter, a, j3: O — ► R and /: O x R — > R are given functions and 
Lu := di(aij(x)dju) is a linear second-order differential operator in divergence 
form. 

For bounded domains O there are many results concerning the existence of at- 
tractors of (1.1) under various assumptions on e, a, /3, L and /, including the 
pioneering works by Babin and Vishik [4], Ghidaglia and Temam [11] and Hale and 
Raugel [14]. 

The unbounded domain case O = R 3 was considered in the important papers [8, 
9] by Feiresl. 

In this paper we assume that a G L°°(0), a is bounded below by a positive 
constant and L is uniformly elliptic with coefficients functions lying in L°°(0). We 
also assume that (3 G L*J(R ) with p > max(l, N/2) and 

(1.2) Ai = inf{ E(u) | u G H^Q), |«|| 2(n) = 1 } > 

1 
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where 

JV 



E{u) = J {^2, a ij( x )9iu(x)dju(x) + (3(x)\u(x)\ 2 ^j dx. 
Here we denote by L^(M. N ) the set of measurable functions v: ~R N — > R such that 



Ml* : = SU P 



/ 1^)1 




where, for y G M. N , B(y) is the open unit cube in M. N centered at y, cf [3]. 

We assume that the nonlinearity /:Oxl^l, (x, it) i— > /(x, it) is measurable 
in continuously differentiate in it and satisfies the growth assumptions /(•, 0) G 
L 2 (0) and 

it) | < C(a(x) + \uf) for a.e. x G O and every it G R. 

Here C > and p > are constants with 2(p+l) < 2* := (2N)/(N-2) for iV > 3. 
If < 2 or else if iV > 3 and 2(p + 1) < 2*, then p is called subcritical. If > 3 
and 2(p + 1) = 2*, then p is called critical. 

In the subcritical case we also assume that a G L^R N ) for some r > max(iV, 2), 
while in the critical case we assume that a G Z7(fi) + L°°(0) for some r > N and 
a G C 1 (0) with bounded derivatives. (Actually, our assumptions concerning the 
functions a, (3 and a are somewhat more general than those listed above.) 

Letting F{x,u) := f Q f(x,s)ds, (x,u) 6 O x K, we assume the dissipativity 
conditions 
(1.3) 

f(x, u)u — iiF(x, u) < c(x) and F(x, u) < c(x) for a.e. x G Q, and every u G R 

where ~p > is a constant and c G L 1 (fi). 

The goal of this paper is to prove that under the above hypotheses, Equation (1.1) 
regarded as a system in (u,v) where v = u t , generates a nonlinear continuous 
semigroup i.e. a semiflow iif on Z = Hq(Q) x L 2 (0) which has a global attractor. 

Although our results hold for arbitrary open sets O, the emphasis here is on 
unbounded domains. 

Condition (1.2) roughly means that the ground state of the stationary Schro- 
dinger equation 

-Lu + j3{x)u = 

on Q with potential (3 and with Dirichlet boundary condition has positive energy. 
In the special case of (3 G L 1 (0)+L oo (0) with (3 > 0, condition (1.2) is equivalent to 
the condition that f G (3(x) dx = oo for every domain GcQ that contains arbitrary 
large balls. This was proved in [1, 2]. 

The dissipativity condition (1.3) was introduced by Ghidaglia and Temam [11] 
for the bounded domain case. It is satisfied e.g. if there are constants 7, v G ]1, 00 [ 
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and a strictly positive function D £ L 1 (0) such that F(x,u) < D(x) for all x £ fi, 
u £ M and the function u i— > (7_D(x) — it))" is convex for a.e. x G O. 

The proofs of our main results are based on Theorem 4.4 below, which provides 
the so-called tail estimates for the solutions (u(t, x), Ut(t, x)) of Equation (1.1). For 
p subcritical, Theorem 4.4 implies that the semiflow 717 is asymptotically compact 
on the phase space Z (Lemma 4.9) and this proves the existence of a global attractor 
in the subcritical case (Theorems 4.10). For p critical we first use Theorem 4.4 to 
show that Tif is asymptotically compact with respect to the topology of the space 
Y = L 2 (0) x i7 _1 (0) (Lemma 4.9). Then we apply a method originally due to 
J. Ball [5] and elaborated by I. Moise, R. Rosa, X. Wang [18] and G. Raugel [20] 
to prove that ixf is asymptotically compact on Z (Theorem 4.12). This establishes 
the existence of a global attractor in the critical case, see Theorem 4.13. 

The method of tail estimates was introduced by Wang [22] for parabolic equa- 
tions on unbounded domains and it was used by Fall and You [10] to establish the 
existence of an attractor of (1.1) in the special case Q = M. N , s = 1, (3{x) = 1, 
L = A, a(x) = A with 1 < A < 2, and / dissipative, of sublinear growth and having 
the special form f(x, u) = g{x) + <f>(u) with g £ L 2 (R N ). 

We should note that our tail estimates for the solution component u(t, x) do not 
depend in any way on the finite propagation speed property and are uniform in the 
parameter e > 0. This allows us to prove singular semicontinuity results for the 
family of attractors of Equation (1.1) as e — > 0, cf. the forthcoming publication [19]. 

For N = 3 the exponent p is critical if p = 2 and subcritical if p < 2. In 
particular, Theorem 4.13 extends earlier results by Feireisl [8]. 

In [9] Feireisl proves existence of attractors even in the supercritical case 2 < 
p < 4. On the other hand, the arguments in [8, 9] require additional smoothness 
assumptions on f(x,u) with respect to all variables (x,u) and some growth as- 
sumptions on |<9 u /(;r,0)| and \d x f(x,0)\, while we do not need any such condition 
here. Moreover, only the case O = M 3 and L = A is considered in [8, 9] and though 
the proofs do extend to more general domains Q and to more general differential 
operators L, restrictions that have to imposed are more stringent than the ones con- 
sidered here. In fact, the finite propagation speed property used in [8, 9] requires 
some smoothness assumptions to be imposed on the coefficient functions aij(x) 
and on the boundary of O, cf. [15], while the Strichartz estimates used in [9] put 
some additional restrictions both on the shape of O and on the coefficient functions 
aij(x), cf. [21] and [17]. 

This paper is organized as follows: in Section 2 we collect some preliminary 
concepts and results concerning semiflows, attractors and (Co)-semigroups of lin- 
ear operators. We also establish an abstract differentiability result, Theorem 2.6, 
which can frequently be used to rigorously justify formal derivative calculations of 
functionals along solutions of evolution equations. In Section 3 we establish some 
general estimates for linear damped wave equations and prove some continuity and 
differentiability properties of Nemitski operators. Finally, in Section 4, we prove 
our tail estimates and, as a consequence, establish the existence of a global attractor 
of Equation (1.1). 
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Notation. For a and b E Z we write [a. . b] to denote the set of all m G Z with 

a < m < b. 

Let iV G N be arbitrary. Given a subset S of and a function t>: 5 — > R we 
denote by 5: R^ — > R the trivial extension of i> defined by v{x) = for x G ffi^ \ S 1 . 

Now let O be an arbitrary open set in R^. Given any measurable function 
v: O — > R and any p G [1, oof we set, as usual, 

\v\lp = \v\lp(Q) '■= (^J |f(x)| p dx^ < oo. 

Moreover, for v G Hq(Q) we set Hh 1 = := (|Vw|| 2 + | | ^2 ) 1//2 . 

If k G N and /, g: 0, — > R fe are such that X^=i e then we set 

/» k 

(f,g) ■= I y2fi(x)gi(x)dx. 
Jq i=1 

We also use the common notation X>(0) resp. T>'(Q) to denote the space of all test 
functions on Q, resp. all distributions on O. If w G X>'(0) and ip G £>(n), then we 
use the usual functional notation w(ip) to denote the value of w at <p. 

Given a function g: O x R — > R, we denote by g the (Nemitski) operator which 
associates with every function u: O — > R the function O — > R defined by 

g(u)(x) = (/(x,u(x)), x G O. 

All linear spaces considered in this paper are over the real numbers. 

2. Preliminaries and an abstract differentiability result 

We assume the reader's familiarity with attractor theory on metric spaces as 
expounded in e.g. [13], [16] or, more recently, in [7] and we just collect here a few 
relevant concepts from that theory. 

Definition. Let X be a metric space. Recall that a local semiflow n on X is, by 
definition, a continuous map from an open subset D of [0, oof x X to X such that, 
for every x G X there is an u x = uj^^ G ]0, 00] with the property that (t, x) G D 
if and only if t G [0, u x [, and such that (writing xjrt := 7r(t,x) for (t,x) G D) 
xttO = x for x G X and whenever (t, x) G D and (s, xnt) G D then (£ + s, x) G D 
and xix{t + s) = (x7rt)7rs. Given an interval 7 in K, a map a: I — > X is called a 
solution (of tt) if whenever t G 7 and s G [0, oof are such that £ + s G /, then a{t)irs 
is defined and a(t)ns = a(t + s). If I = R, then cr is called a full solution (of n). 
A subset S of X is called (iT-)invariant if for every x E S there is a full solution a 
with cr(R) C 5 and <r(0) = x. 

Given a local semiflow tt on X and a subset iV of X, we say that 7r does not 
explode in N if whenever x E X and X7r [0, u x [ C A/", then u;^ = 00. A global 
semiflow is a local semiflow with u x = 00 for all iGl. 
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Now let 7i be a global semiflow on X. A subset A of X is called a global attractor 
(rel. to ir) if A is compact, invariant and if for every bounded set B in X and every 
open neighborhood U of A there is a ts,u £ [0, oo[ such that xivt G £7 for all x E B 
and all t G \pB,Ui °°[- It easily follows that a global attractor, if it exists, is uniquely 
determined. 

A subset B of X is called (n-)ultimately bounded if there is a G [0, oof such 
the set {xnt | x G -B, t G [to, oof } is bounded. 

7T is called asymptotically compact if whenever £? C X is ultimately bounded, 
(x n ) n is a sequence in B and (£ n )n is a sequence in [0, oof with t n — > oo as n — > oo, 
then the sequence (x n irt n ) n has a convergent subsequence. 

The following result is well-known: 

Proposition 2.1. ^4 global semiflow tt on a metric space X has a global attractor 
if and only if the following conditions are satisfied: 

(1) tt is asymptotically compact; 

(2) every bounded subset of X is ultimately bounded; 

(3) there is a bounded set B in X with the property that for every x G X there 
is a t x G [0, oof such that xirt x G B . 

Proof. This is just [7, Corollary 1.1.4 and Proposition 1.1.3]. □ 

We require a few results from the general theory of (Co)-semigroups of linear 
operators. 

Proposition 2.2. Let Z be a Banach space and T{t), t G [0, oof be a (C )- 
semigroup of linear operators on Z with generator B: D(B) — > Z . Then, for every 
z G D(B) there is a unique function u: [0, oof — > D(B) which is continuously differ- 
entiate into Z, u(0) = z and 

u'(t) = Bu(t), £G[0,oo[. 

u is given by u(t) = T{t)z for all t G [0, oof. 

Proof. This follows from [12, proof of Theorem II. 1.2] □ 

Proposition 2.3. Let Z and Y be Banach spaces and Sz(t), t G [0, oof (resp. 
Sy(t), t G [0, oo[) be a (Co)- semigroup of linear operators on Z (resp. on Y) with 
generator Cz- D(Cz) Z (resp. Cy- D(Cy) — > Y). Let v:Z—>Y be a bounded 
linear map with v{D(Cz)) C D(Cy)- If vCzz = Cy(uz) for all z G D(Cz), then 
vSz(t)z = Sy(t)(uz) for all z G Z and all t G [0, oof. 

Proof. An application of Proposition 2.2 shows that vSz{t)z = Sy{t){vz) for all 
z G D{Cz) and all t G [0, oof. The general case follows by density. □ 

Proposition 2.4. Let Z be a Banach space, Szif), t G [0, oof be a (Co)- semigroup 
of linear operators on Z with generator Cz- D{Cz) — > Z and Q: Z — > Z be linear 
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and bounded. Then the operator C z + Q'-D(C Z ) — > Z generates a (Cq) -semigroup 
Tz(t), t G [0, oof of linear operators on Z . Moreover, 

(2.1) T z (t)z = S z (t)z + [ S z (t-s)QT z (s)zds 

Jo 

for all z G Z and t G [0, oof. 

Proof. The first assertion follows from [12, Theorem 1.6.4]. For z G D(C Z ) = 
D(C Z + Q) and t G [0, oof formula (2.1) is proved using Proposition 2.2 and [12, 
proof of Theorem II. 1.3 (ii)]. The general case follows by density. □ 

Proposition 2.5. Let Z be a Banach space and T(t), t G [0, oof be a (Cq)- 
semigroup of linear operators on Z with infinitesimal generator B: D(B) C Z — > Z. 
Suppose that Z ^ Z is a map which is Lipschitzian on bounded subsets of Z. 
Then, for each ( G Z i/iere is a maximal = lob,^,c £ ]0, oo] and a uniquely 
determined continuous map z = z^: [0,uj^[ — > Z swc/i £/iai 

(2.2) z(t) = T(t)(+ f T(t-s)$(z(s))ds, te[0,u c [. 

Jo 

Writing (lit := z^{t) for t G [0,a;(£)[ we obtain a local semiflow IT = TIb,® on Z 
which does not explode in bounded subsets of Z . 

Proof. This follows from [6, proofs of Theorem 4.3.4 and Proposition 4.3.7]. □ 

In the remaining part of this section we will establish a result which can be 
used to rigorously justify formal differentiation of various functionals along (mild) 
solutions of semilinear evolution equations. 

Theorem 2.6. Let Z be a Banach space and T(t), t G [0, oof be a {Cq)- semigroup 
of linear operators on Z with infinitesimal generator B: D(B) C Z — > Z . Let U be 
open in Z , Y be a normed space and V:U^Ybea function which, as a map from 
Z to Y , is continuous at each point of U and Frechet differ entiable at each point of 
U nD(B). Moreover, let W: U x Z — > Y be a function which, as a map from Z x Z 
to Y, is continuous and such that DV(z)(Bz + w) = W(z,w) for z G U H D(B) 
and w G Z . Let r G ]0, oof and I := [0, r]. Let z G U , g: I — > Z be continuous and 
z be a map from I to U such that 

z(t)=T(t)z+[ T(t- s)g(s)ds, tel. 
Jo 

Then the map V o z: I — > Y is differentiate and 

(VozY(t) = W(z(t),g(t)), tel. 

Proof. For z G D(B) set |z|d(b) := \ z \z + \Bz\ z . Since B is closed, this defines a 
complete norm on D(B). For h G ]0, oof and t G I set M h := sup tg [ 0jfe ] \T(t)\c(z,z) 
and ^ 

g h (t) :=(l/h) [ T(s)g(t)ds. 
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It is well-known that g h (t) G D(B) and Bg h (t) = (l/h)(T(h)g(t) - g(t)). Thus 
gh' 1 — > -D(-B) and the estimate 

l<W»(f) - Jk(tOlD(B) = |(1 /h) j*T(s)(g(t) - g(t')) ds\ z 

+ \(l/h)(T(h)(g(t) - g(t')) - (g(t) - g(t')))\ z 

< M h \g(t) - g(t')\ z + (l/h)(M h + l)\g(t) - g(t')\ z 

shows that gh is continuous into D(B). Moreover, we claim that gh(t) — > g(t) 
in Z as ft — > + , uniformly on /. In fact, otherwise there is an e G ]0, oo[ and 
sequences (ft m )m€N in ]0, oo[ and (t m ) m eN in I such that ft m — > 0, £ m — > t G I and 
|^/» m (*m) - »(*m)|z > £ for all m G N. But 

l^h m (*m) - g(t m )\z < \9h m (tm) - g(t)\z + \g(t m ) - g(t)\ z . 

Moreover, 

\g hm (t m )-g(t)\ z = \(l/h m ) / (T(s)g(t m )-g(t))ds\ z 

Jo 

< \(l/h m ) / T(s)(g(t m ) - g(t)) ds\ z + \(l/h m ) / (T(s)g(t) - g(t)) ds\ z . 
Jo Jo 

W.l.o.g. h m < 1 for all m G N so 

\(l/h m ) / T(s)(g(t m ) - g(t)) ds\ z < M x \g{t m ) - g(t)\ z -> 0. 
Jo 

Since T(s)g(t) - g(t) -> in Z as s -> 0+, it follows that 

|(1/M / (T(s)g(t)-g(t))ds\ z ^Q. 
Jo 

Putting things together we see that \gh m (tm) ~g(tm)\z 0, a contradiction, prov- 
ing our claim. Since D(B) is dense in Z there is a sequence (z m ) me N in D(B) which 
converges to z in Z. Since C/ is open in Z we may assume that z m G U fl -D(-B) for 
all m G N. Choose a sequence (/i m ) m( =N in ]0, oo[ converging to zero. For m G N 
and t G / set 



z m (t) = T(t)z m + I T{t-s)g hm {s)ds. 
Jo 



It is well-known that z m (t) G D(B). Moreover, the map z m : I — > D(B) is continuous 
into -D(-B) and differentiable into Z with = Bz m {t) + gh m (t) for tel. 

Furthermore, by what we have proved so far, z m (t) — > in Z as m — > oo, 
uniformly on /. It follows that z m (t) G U fl D(B) for some mo G N and all 
m > mo and tel. Moreover, by our hypotheses and by what we have proved so 
far, (V o Zm )(t) -> (V o and (V o z m )'{t) = DV(z m (t))(Bz m (t) + g hm (t)) = 

W{z m {t), gh m (t)) — > W(z(£), in F uniformly on /. Thus F o z is differentiable 
into F and (V o z)'(t) = W(z(t), g(t)) for t G i\ The theorem is proved. □ 
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3. Damped hyperbolic equations 

For the rest of this paper, iV G N and O is an arbitrary open subset of M. N , 
bounded or not. 

Consider the following 
Hypothesis 3.1. 

(1) ao, ai G ]0, oof are constants and a^: Q — > R, i, j G [1. . N] are functions 
in L°°(0) such that a,ij = aji, i, j G [1. . N], and for every £ G ~R N and a.e. 

x Efl, a |£| 2 < YA,j=i a ij( x )iiij < a i\C\ 2 - M x ) '•= ( a ij( x ))Z=i> ^fi. 

(2) (3: O — > R is a measurable function with the property that 

(i) for every e G ]0, oof i/iere is a £ [0, oof u>ii/i 1 1 /3 1 1 / 2 -?x | ^ 2 < sM^i + 

C-\u\ 2 L 2 for all u G #o(0); 
(ii) Ai := inf{ (AVu, Vit) + (/?it, it) | it e ^(fi), |it| L 2 = 1 } > 0. 

Remark. Note that, under Hypothesis 3.1 item (1), (AVw, V«) is defined and under 
Hypothesis 3.1 item (2i), {/3u : u) is defined. 

The following lemma contains a condition ensuring that (3 satisfies Hypothesis 3.1 
item (2i). 

Lemma 3.2. Let p G ]1, oof and (3: Q, -> R 6e suc/i that (3 G Lg(M^). 

(1) If p > N/2, then there is a C G [0, oof such that 

\\P\ 1/2 u\ L2 <C\u\ m 

for all ue Hi (O) . 

(2) If p> N/2, then for every e G ]0, oof there is a CV G [0, oof i«ii/i 

||/?| 1/2 u|* 2 <e\u\ 2 Hl +Cs\u\h 

for all u e Hi (O) . 



Proof. There is a family (yj)j^ of points in M. N such that R^ = [_}j^B(yj) and 

the sets B(yj), j G N, are pairwise non-overlapping. Write Bj = B(yj), j G N. Let 
p' = p /{p - 1). Since p > N/2 we have 2p' < 2* for N > 3. Let M G ]0, oof be a 
bound of the imbedding ^(B) — > L 2p (£?) where B = B(0). Then, by translation, 
M is also a bound of the imbedding H 1 (B(y)) -> L 2 p' (B(y)) for any y G R^. Let 
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u E Hq(Q) be arbitrary. Then 

\(3(x)u 2 (x)\dx= [ \(3(x)u 2 (x)\dx = V f \(3(x)u 2 (x)\ dx 

\ 1 /p/„ \ 1 /p' 

V 



|^| LS M 2 ^ / (|Vn(x)| 2 + |n(x)| 2 )dx = M 2 |^| LS |«|^ 1(MJV) 



= M"|/?| LS |u& 1(n) . 

This proves the first part of lemma. If p > N/2 we may choose q such that 2p' < q, 
and q < 2* for N > 3. We may then interpolate between 2 and q and so, for every 
e E ]0, oof there is a CV e [0, oof, independent of u such that for all j E N 

< eM'|u| Ba - | Hl(Bj . } + Ce|«|B,- | L2(Bj . r 

Here M' e ]0, oof is a bound of the imbedding HQ(B(yj)) — > L q (B(yj)) for every 
j G N. Hence 



/ |w(x)| 2p 'd^ <2(eM') 2 [ (\Vu(x)\ 2 + \u(x)\ 2 )dx + 2C§ [ \u(x)\ 2 dx. 



\ VP' 

V 

Thus, by the above computation, 

V 



/ \P(x)u 2 (x)\dx<0\ LPu J2\ I \u(x)\ 2 ^dx) 
Jn jeN \Jb s J 

< 0\l*Y1 ( 2 (eM') 2 J (\X7u(x)\ 2 + \u(x)\ 2 ) dx + 2C§ J \u(x)\ 2 dx 



= \(3\ Ll 2(eM') 2 \u\ 2 m + \(3\ LPu 2Cl\u\ 2 L2 . 

Now an obvious change of notation completes the proof of the second part of the 
lemma. □ 
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Remark 3.3. Under Hypothesis 3.1 item (1) let the operator L: Hq (ft) — > T>'(Q) be 
defined by 

N 

Lu = di{a,ijdju), u G Hq(Q). 

M = l 

The definition of distributional derivatives implies that 

(3.1) (LM-0u)(y) = -(AVu,Vv)-(Pu,v), u G H^(Q), v G V(Q). 

It follows by density that 

((Lu - (hi), v) = -{AVu, Vv) - (0u, v) 
^ for u, d6 Hl{Q) with Lu - /3u G L 2 (0). 

Lemma 3.4. Assume Hypothesis 3.1. If k E [0, Ai[ is arbitrary and ife and p are 
chosen such that e G ]0, ao[, p G ]0, 1[ and c := min(p(ao — s), (1 — p)(Ai — «) — 
p(e + Cg + k)) > then 

c{\Vu\ 2 L 2 + \u\ 2 L2 ) < (AVu, Vw) + (/?u, u) - k{u, u) < C(\Vu\ 2 L 2 + \u\ 2 L2 ), u G H^(fl) 

where C := max(ai + e, e + Cj) . 

Proof. This is just a simple computation. □ 

Lemma 3.5. Assume Hypothesis 3.1 and let e G ]0, oof be arbitrary. For u, v G 
Hq(Q) define 

(3.3) {u,v)! = (l/e)(AVu,Vv) + (l/e)(pu,v). 

(•, -)i is a scalar product on Hq(Q) and the norm defined by this scalar product is 
equivalent to the usual norm on Hq(Q). 

For every u G Hq(Q) the distribution —(l/e)Lu + (l/e)(3u G V(Vt) can be 
uniquely extended to a continuous linear function f u from Hq(Q) to M. The operator 

A: Hq(Q) - H- 1 ^) := (H^to))', u h- f u 

is an isomorphism of normed spaces. The assignment 

(f,g) G H-\Q) x H-\n) » (/,(,)_! := (A _1 (/), A _1 (^))! 

defines a scalar product on i7 _1 (0). The norm defined by this scalar product is 
equivalent to the usual (operator) norm on i7 _1 (fi). 

Proof. This follows from Lemma 3.4 and the Lax-Milgram theorem. □ 
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Proposition 3.6. Assume Hypothesis 3.1 and let ao, ol\ G [0, oo[ and e G ]0, oof 
be arbitrary. Let a: O — > R 6e a measurable function with ao < < ai /or o.e. 
x G O. Set Z = -ffo(O) x L 2 (0) and endow Z with the usual norm \z\z defined by 

\ z \z = \^ z i\l 2 + \ z i\l 2 + I ^2 1 1,2 , 2 = (zi,Z 2 ). 

Define D(B) = D(B aj p jS ) to be the set of all (zi, z 2 ) G Z such that Z2 G Hq(Q) and 
Lzi — (3zi (in the distributional sense) lies in L 2 (0). Let B = -B a ,/3,e : D(B) — > Z 
6e defined by 

B( Zl , z 2 ) = (z 2 , -(l/e)az 2 - {l/e)[5z 1 + (l/e)L Zl ), z = (z u z 2 ) G D(B). 

Under these hypotheses, B is the generator of a (Co)- semigroup T(t) = T at p ;S (t), 
t G [0, oof on Z . If, in addition, ao > 0, then there are real constants M = 
M(ao, ai, e, Ai) > 0, n = /u(«o, cti,e, Ai) > such that 

(3.4) \T(t)z\ z < Me~^\z\ z , z G Z, t G [0, oof . 
Proof. On Z define the scalar product 

(3.5) (((«!, lt 2 ), (^1,^2))) = + (u 2 ,w 2 ) L 2. 

It follows from Lemma 3.5 that the norm || (u\, u 2 ) \\ = u 2 ), (iti, 'U2))) 1 / 2 is 

equivalent to the norm |(«i, U2)|z- 

Now, for (-21,22) G D{B), we obtain using (3.2) 

((-B(zi,Z 2 ),(*l,*2))) = 

(z 2 , + (-(l/e)«Z2 - O-/e)0zi + (l/e)Lzi, z 2 ) = -(l/e)(az2, ^2>- 

Thus £? is dissipative by [6, Proposition 2.4.2]. Let us now show that £? is m- 
dissipative. We use [6, Proposition 2.2.6] and so we only need to show that for 
every A G ]0, oof and for every (f,g) G Z there is a (z\, z 2 ) G D(B) with 

(3.6) (z 1 ,z 2 )-XB(z 1 ,z 2 ) = (f,g) 
Now (3.6) is equivalent to the validity of the two equations 

(3.7) z 2 = (l/X)(z 1 -f) 
and 

(3.8) ((1/A) + (l/e)a + {l/e)Xf3) Zl - (l/e)XL Zl =g+ ((1/A) + (l/e)a)f. 

Lemma 3.4 and the Lax-Milgram theorem (cf [6, proof of Proposition 2.6.1]) imply 
that equation (3.8) can be solved for z\ G Hq(Q) with Lzi~ (3z\ G L 2 (0). Now equa- 
tion (3.7) can be solved for z 2 G Hq{Q). It follows that, indeed, B is m-dissipative 
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and so, by the Hille-Yosida-Phillips theorem, B generates a (C )-semigroup T(t), 
t G [0, oof, of linear operators on Z. 

Now suppose cto > 0. Choose n such that 

(3.9) < 2^ < min(l, a /(2e), Ai/(e + «i)). 
We now prove that for every (tti, u 2 ) G Z 

(3.10) ||T(t)( Ul ,u 2 )|| <2e-^||(ui,u 2 )||, *G [0,oo[. 

This proves (3.4) in view of the equivalences of the two above norms on Z. By 
density, it is sufficient to prove (3.10) for (u±, 112) G D(B). Therefore, let (u\, U2) G 
D(B) be arbitrary and define (zi(t), z 2 (t)) = T(t)(u\, 112), t G [0, oof. Then the 
map 1 1— > = (zi(£), z 2 (t)) is differentiable into Z, z(t) G -D(-B) and = Bz(t) 
for t G [0, oof. For t G [0, 00 [ let 
(3.11) 

w(t) = 4n( Zl (t), z 2 (t)) + (z 2 (t), z 2 (t)) 

+ 2(1 /e)/j(az 1 (t),z 1 (t)) + (l/e){p Zl (t), Zl {t)) + (l/e){AVz 1 (t),Vz 1 {t)). 

It follows that w is differentiable and a simple calculation shows 

(l/2)w(t) = {(2fji-(l/e)a)z 2 (t),z 2 (t)) 

-2^l/e)((3z 1 (t),z 1 (t))-2(l/e)^AVz 1 (t),Vz 1 (t)) 
' } < ((2fi - (l/e)a )z 2 (t),z 2 (t)) 

-2 fJ ,{l/e){pz 1 (t),z 1 {t))-2(l/e)Lt{AVz 1 {t),Vz 1 {t)) 

By (3.11) 

w(t) < M(l/2)(z l (t),z 1 (t)) + (l/2)(z2(t),z 2 (t))) + (Z2(t),z 2 (t)) 
+ 2(l/e)/j(az 1 (t),z 1 (t)) 

+ (l/e)(p Zl (t), Zl (t)) + (l/e)(AVz 1 (t),Vz 1 (t)) 

< (2fi + l){z 2 (t),z 2 (t)) + 2fi(l + (l/s)a 1 )(z 1 (t), z x {t)) 

+ (l/e){pz 1 (t),z 1 (t)) + (l/e){AVz 1 (t),Vz 1 (t)). 

Now 

2||^)|| 2 = 2(z2(t),Z2(t)) + (l/e)(p Zl (t), Zl (t)) + (l/e)(AVz 1 (t),Vz 1 (t)) 
+ (l/e)(p Zl (t), Zl (t)) + (l/e)(AVz 1 (t),Vz 1 (t)) 

By (3.9) 

2( Z2 (t), Z2 (t)) > (2^ + l)( Z2 (t), Z2 (t)) 

and 

(l/e)(p Zl (t), Zl (t)) + (l/e){AV Zl (t),V Zl (t)) 

> (l/s)X 1 ( Zl (t), Zl (t)) > 2 f i(l + (l/e)a 1 )(z 1 (t),z 1 (t)). 
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Putting things together we see that 

(3.13) w(t) <2\\z(t)\\ 2 , te[0,oo[. 
Moreover, by (3.9) 

w(t) > -4fi((l/2)4^(z 1 (t),z 1 (t)} + (l/2)(l/4fi)(z 2 (t),z 2 (t)}) + (z 2 (t),z 2 (t)} 
+ 2(\/e)ii(azi(t),z x {t)) + (l/e)(/fei(*),*i(*)> + (l/e)(AVz l (t),Vz 1 (t)) 
> (l/2)(z 2 (t),z 2 (t))+2/j((l/e)a -4ij)(z 1 (t),z 1 (t)) 
+ (l/e)((3z 1 (t),z 1 (t)) + (l/e){AV Zl (t), V*i(f)> > (1/2) \\z(t) || 2 . 

Thus 

(3.14) «;(t)> (1/2)||^) || 2 , *e[0,oo[. 

By (3.13), (3.12) and (3.9) 

< MW)t = 2n(z 2 (t),z 2 (t)) + 2n(l/e)(pz 1 (t),z 1 (t)) 

+ 2(1 /e)n(AVz 1 (t),Vz 1 (t)) < ((l/e)a - 2/j)(z 2 (t), z 2 (t)) 

+ 2 f i(l/e)(/3z 1 (t),z 1 (t))+2(l/e)fi(AVz 1 (t),Vz 1 (t)) < -(l/2)w(t) 

so 

(3.15) w(t) < -2/iw(t), *e[0,oo[. 
(3.13), (3.14) and (3.15) imply that 

\\z(t)f <4e- 2 ^||^(0)|| 2 , te [0,oo[ 
and this in turn implies (3.10). The theorem is proved. □ 

Proposition 3.7. Assume Hypothesis 3.1 and let e G ]0, oof be arbitrary. Define 
Cz '■= -Ba,/3,e and Sz(t) := T a ^^ e (t), t G [0, oof with a = 0. Moreover, let Y = 
L 2 (0) x if"' 1 (ft) and de/me toe operator C Y :D{C Y ) ^ Y by D{C Y ) = H^(tt) x 
L 2 (ft) ana 7 

CV(zi, Z2) = (22, -A(zi)) 

where A is defined in Lemma 3.5. Cy is toe generator of a (Co) -semigroup S Y (t), 
t G [0, oof 0/ linear operators on Y . 
Finally, 

vS z {t)z = S Y {t){vz), z e Z,t e[0,oo[ 
where v:Z—*Y is the inclusion map. 
Proof. On y define the scalar product 

(((til, U 2 ), {W 1 ,W 2 ))) Y = (u U Wx) L 2 + (U2,W 2 )-1. 
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It follows from Lemma 3.5 that the norm defined by this scalar product is equivalent 
to the usual norm on Y. Now, for (2/1,2/2) G -D(Cy), we easily obtain 

((C Y (yi, 2/2), (yi,y2))>y = 0. 

Thus .By is dissipative. Using the same arguments as in the proof of Proposition 3.6 
(with a = 0) we can show that for every A G ]0, 00 [ and for every (f,g) G Y 
there is a (2/1,2/2) G £>(Cy) with (2/1,2/2) - ACy (2/1, 2/2) = (/,</)• Thus Cy is m- 
dissipative and this proves the first assertion. Since, by the definitions of Cz and 
Cy, vD{Cz) C £>(Cy) and vC z (z 1 ,z 2 ) = C Y u{z u z 2 ) for all (-21,-22) e the 
second assertion follows from Proposition 2.3. □ 

Proposition 3.8. Let a, Z and T(t) be as in Proposition 3.6 and Y be as in 

Proposition 3.7. Suppose that 

(3.16) (3d G [0,oo[)(Vz G L 2 (0)) |az| H -i < d\z\ H -i. 

Then there are constants C 2 and C3 G [0, oof such that 

\T(t)z\ Y < C 2 e° 3t \z\ Y , t G [0, 00 [ , z G Z. 

Proof. Define the bounded linear map Q: Z — > Z by (zi,z 2 ) 1— > (0, — 0^2). By 
Propositions 2.4 and 2.3 we have, for z <E Z and £ G [0, oof 

T(£) ,2 = S z (£)-? + / ^z(t-s)QT(s)^ds = ^y(t)z+ / Sy(£-s)QT(s),zds. 
Jo Jo 

There are constants C 4 and C 5 G [0, oof such that 

\S Y (t)y\ Y < C 4 e C5t \y\ Y , £ G [0, oof , y G Y. 
Using (3.16) we now obtain, for z G Z and £ G [0, oof 

|T(£>|y < |Sr(*)z|y + / |5y(t-s)gT(s)-2|yds 

<C 4 e C5t |^|y+ / C 4 e C5( *- s) Ci|T(s)^|yds. 
Jo 



Now Gronwall's lemma completes the proof. □ 

The next result provides a sufficient condition for the validity of (3.16). 
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Lemma 3.9. If a E C^fi) n W 1 ' 00 ^) and u E H^(fl), then au E H^(fl) and 
di(au) = (dia)u + adiU, i E [1..N]. Moreover, \au\ H i < (2N + l^'^alwi.oo \u\ H i . 
Furthermore, 

\az\ H -i < (2N + l) 1/2 |a| w i,oo|z| H -i, z E L 2 (fi). 

Finally, if U is an open subset of ft and a\u E Cq(U) then (au)\u G Hq(U). 

Proof. Set u^) = (dia)u + adiU, % E [1. . N]. There is a sequence (i> n )neN in Cg(^) 
converging to u in i7 1 (0). It follows that av n E Cq(O) and di(av n ) = (dia)v n + 
adiV n for n E N and z G [1. . N]. Holder's inequality implies that, for cp E Cg(O) 
and i E [1. . N], av n — > ait and di(av n ) — > it(j) in L 2 (0) while ipdi(av n ) — > ytt(j) and 
(diip)av n — ► (di<p)au in L 1 (Q). Since (</?, di(av n )) i? = —(di<p, av n ) for n e N and 
i G [1. . iV], it follows that aw G di(au) = for all z G [1. . A/"] and 

(3.17) lim |(ai> n ) — (a?/)|#i = 0. 

n^oo 

Thus a-u G f/g(0). This proves the first part of the lemma. It follows that 

JV N 

\au\ 2 H i = \au\ 2 L 2 + ^2 \di( au )\ 2 L 2 = \ au \\ 2 + ^ \(®i a ) u + adiu\ 2 L 2 
i=i i=i 

N 

< |a| 2 4/ i,oo|w|| 2 + X lal^i.oodwUa + \diu\ L 2) 2 

i=i 

N 

< \a\wi,~(\u\l* + X(2ML + 2|^|| 2 )) = |a| 2 /1 , 00 ((2iV - l)\u\ 2 L2 + 2\u\ 2 H i) 

i=i 

< |a| 2 /1 , 00 (2A^ + l)|w| 2 ¥ i. 

If z E L 2 (Q) thenar G L 2 (0) and for v E H^(Q) with \v\ H i < 1 we have aw G H&(ft) 
and 

|(az, u)| = | (z, av) | < |av|^i < (2N + l) 1 / 2 ^ wi.oo |z|.ff-i . 

This proves the second and third part of the lemma. Finally, if a\u E Cq{U) then 
(av n )\u E Cq{U) for all n E N and since, by (3.17), (av n )\u — ► (au)\u in H 1 ^), it 
follows that (aw) | [/ G Hq(U). The lemma is proved □ 

Proposition 3.10. Let a E Cq(R n ) and r E [2, oof be arbitrary. If N > 3, then 
assume also that r < 2*. Under these assumptions the map h: Hq(Q) — > L r (Vt), 
u i — ► a|j~2 • u } is defined and is linear and compact. 

Proof. There is an open ball U in such that supp a C U. Define the following 
maps: 

hv.H^n) -> H%(R N ), u^u, h 2 :H^(m N ) -> #j}(E0, u >-> M|tr, 
a 3 : Hl(U) -> L r (t/), u i-> u, a 4 : L r (t/) -> L r (R iV ), u h-> 6 
asrL^R^^L^n), w^w| n . 
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Clearly, the maps hi, h± and /15 are defined, linear and bounded, the map h^ is 
defined, linear and bounded in view of Lemma 3.9 with := R^, while hs is defined, 
linear and compact by Rellich embedding theorem. Since, for all u G Hq(Q), 
(/150/140/130/120/11) (u) = a\ci-u, it follows that h is defined and h = /150/140/130/120/11 
so h is linear and compact. □ 

Definition. A function /:(] x R -» 1, (x, u) f(x,u) is said to satisfy a C - 
(resp. C 1 -)Caratheodory condition, if for every «El the partial map x 1— > f(x, u) 
is Lebesgue-measurable and for a.e. xEfi the partial map u 1— > /(x, u) is continuous 
(resp. continuously differentiable) . 

If /: Q x R — > R, (x, u) 1— > f(x,u) satisfies a C°-Caratheodory condition, define 
the function F: O x R -> R by 

F(x,it) = / /(x, s) ds, 
Jo 

whenever s t— > f(x,s) is continuous and F{x,u) = otherwise. F is called the 
canonical primitive of f. 

Given C, ~p G [0, oof, a measurable function a: O — > R and a null set M C O, a 
function g: (Cl \ M) xl^l, (x, u) 1— > y(x, m) is said to satisfy a (C, p, a) -growth 
condition, if |^(x, it)| < C(|a(x)| + \u\ p ) for every x G O \ M and every jiEl. The 
number p is called subcritical if iV < 2 or (AT > 3 and p < (2*/2) — 1). p is called 
cntzcaZ if iV > 3 and p = (2*/2) - 1. 

Proposition 3.11. Let / satisfy a C 1 - Caratheodory condition and d u f satisfy a 
(C ,~p, a) -growth condition. Let F be the canonical primitive of f . Then, for a.e. 
x G O and all u, h El 

\f{x,u) - /(x,0)| < CHx)H + c|«p +1 , 
|/(x,w + /i) -f(x,u)\ < C\a(x)\\h\ + Cmax(l,2P- 1 )(\u\P+ \h\P)\h\, 
\F(x,u)\ < C(\a(x)\\u\ 2 /2 + \u\p+ 2 / (p + 2)) + |«||/(x,0)|, 
\F(x,u + h) -F(x,u)\ < 

(|/(x,0)| + C\a(x)\(\u\ + \h\) + Cmax(l,2^)(|< +1 + \h\^ +1 ))\h\, 

\F(x, u + h) — F(x, u) — f(x, u)h\ 
< (C\a(x)\ +Cniax(l,2P- 1 )(\u\P + \h\P))\h\ 2 . 

Moreover, for every measurable function v : — > R both f(v) and F(v) are measur- 
able and for all measurable functions u, h: O — > R 

(3.23) |/>)| i2 < |/(0)| i2 + C(|a«| L2 + 



(3.18) 
(3.19) 
(3.20) 

(3.21) 

and 
(3.22) 
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, QOA , \f(u + h)-f(u)\ L2 

(3.24) _ _ _ 

< C\ah\ L 2 + Cmax(l,2 p )(|u|J 2(?+1) + \h\ P L2( p +1) )\h\ L2 (p+i) , 



(3.25) |F(u)| L i < C(\a\u\ 2 \ L1 /2 + \u\ p + 2 +2 /(p + 2)) + 1^1/(0)1^, 

(3.26) 

|F(u + /i) - F(u)\ L i < 

(\f(0)\ L 2 +C(\au\ L 2 + \ah\ L 2) +Cmax(l,20(|n|J+ 1 - +1) + )) 1%*, 

and 

< (C|a/i| L2 +Cmax(l,2^- 1 )(|n|J 2(7;+1) + |/i|5 2(7 , +1) )|/i| L 2(p +1) )|/i| L 2. 

Finally, ifp is critical, then for every r G [N, oof there is a constant C(r) G [0, oof 
swc/i i/mi whenever a = a\ + a2 with a\ G L r (0) and a2 G L°°(0), then for all u, 

|/(« + h)- f{u)\ H -i < C(r)(\ ai \ Lr + \a 2 \ L ~)\h\ L i 

+ C(r)(\u\l 2 *+\h\l 2 *)\h\ L2 . 

Proof. For a.e. x G O and all u, h G K we have 

f(x,u + h) — f(x,u)= / d u f(x,u + 6h)hd6. 



o 



F(x, u + /i) — it) — f(x,u)h= / [/(i,« + ^)-/(x,M)]/id^ 

d u f(x,u + r9h)eh dr]hd9 



o ./o 



These equalities and the definition of F imply estimates (3.18), (3.19), (3.20), (3.21) 
and (3.22). Now well known arguments and Holder inequality yields the remaining 
assertions of the proposition except (3.28). To prove (3.28), let r G [N, oof and u, 
h and v G Hq(£1) be arbitrary. Then 

\{f(u + h) - f(u),v} \ < [ \f(x,(u + h)(x)) - f(x,u(x))\\v(x)\dx 

+ C [ \{ah)(x)\ |w(a:)|da: + L7max(l,2^- 1 ) I (\u(x)\p + \h(x)\P)\h(x)\\v(x)\dx. 
Jo. Jq 
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Now 

\(aih)(x)\ \v(x)\ dx < \ai\L^\h\L^\v\ L 2 r /(_ r - 2) 
and 

\(a 2 h)(x)\ \v(x)\ dx < \a 2 \L°° |/i|l 2 \v\l 2 - 
Moreover, since (1/2*) + (1/2) + (1/JV) = 1 and Np = 2* we also have 

/ (\u(x)f+ \h(x)n\h(x)\\v(x)\dx < (|«|J a . + \h\l 2 ,)\h\ L2 \v\ L2 * 
Jil 

Noting that 2r/(r — 2) < 2* let C be a common bound of the imbeddings Hq (Cl) — > 
L s (Cl) for s G {2, 2*, 2r/(r - 2)}. Then we conclude 

\(f(u + h)- f(u),v)\ 

< CC(\ ai \ L r + \a 2 \L°°)\h\ L 2\v\ H i +Cm^(l,2P- 1 )C(\uf L2 , + \h\\ 2 *)\h\ L 2\v\ H i. 
Since 

\f(u + h) + f(u)\ H -i= sup \(f( u + h)-f(u),v)\ 
estimate (3.28) follows. □ 

Standing Assumption. For the rest of this paper, we assume Hypothesis 3.1 
and fix an e G ]0, oof. Let Z = Hq(CI) x L 2 (Cl) and B = -B a ,/3,e be defined as in 
Proposition 3.6. Moreover, let Y = L 2 (Cl) x i7 _1 (0). 

Proposition 3.12. Let C, p G [0, 00 [ and a: Cl — > K. 6e a measurable function such 
that the assignments u 1— > |a|w anrf u 1— > |a| 1/,2 w induce bounded linear operators from 
Hq(Q) to L 2 (Cl). Suppose the function f satisfies a C 1 -Caratheodory condition and 
d u f satisfies a (C,p, a) -growth condition. Moreover, suppose /(-,0) G L 2 (Cl). If 
N > 3, then assume also that p < (2*/2) — 1. Under these hypotheses, f induces 
a map f: Hq(CI) — > L 2 (Cl) which is Lipschitzian on bounded subsets of Hq(CI). The 
canonical primitive F of f induces a map F: Hq(CI) — > L 1 (0) . This map is Frechet 
differentiate and DF(u)[h] = f(u) • h for u and h G Hq(Q). The map Qf.Z^Z, 

(3.29) ® f (z) = (0, (l/e)f( Zl )), z = ( Zl ,z 2 ) G Z, 

is bounded and Lipschitzian on bounded subsets of Hq(CI). By 717 we denote the 
local semiflow Hb,<£> on Z, where $ = This local semiflow does not explode in 
bounded subsets of Hq(CI). 

Proof. This follows from Proposition 3.11, the Sobolew imbedding theorem, Propo- 
sition 3.6 and Proposition 2.5. □ 

Remark 3.13. By Lemma 3.2 the hypotheses on the function a imposed in Propo- 
sition 3.12 are satisfied e.g. if a G L?(R N ) with p > N. 

Remark 3.14- The local semiflow iif defined in Proposition 3.12 is, by definition, 
the local semiflow generated by solutions of the damped wave equation (1.1). 
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4. Tail estimates and the existence of attractors 

Proposition 4.1. Let 7 y:~R N — > [0, 1] 6e a C 1 -function such t/ia£ sup. :[ , eIR ]v(|7(x)| 2 + 
|V7(;r)| 2 ) < oo. Set 7 = 7 2 . Assume the hypotheses and notations of Proposi- 
tion 3.12. Fix 5 G ]0, oo[, and define the functions V = V^: Z — > K. and = 
V*:Z^Rby 

V(z) = (l/2) [ <y(x)* z (x)dx 

and 

V*(z) = / ^(x)F(x,z 1 (x))dx 

JQ. 

for z = (zi, Z2) G Z . Here, for z G Z and 16O, 

m z {x) = e^ztix) + z 2 (x)\ 2 + (AVz!)(x) -Vztix) + (f3(x) - 5a(x) + 5 2 e)\z 1 (x)\ 2 . 

Let tq G ]0, oo[, I = [0, ro] and z: I — > Z 6e a solution of iff . Then the functions 
V o z and V* o z are differ entiable and, for t & I, 

(Voz)'(t) = 

I 1 {x)(e{5z 1 + z 2 ){5z 2 + (-(l/e)a(x)z 2 + (l/e)f(x, Zl (t)(x))) 
Jn 

+ (-5a(x) + 5 2 e)ziz 2 - 5/3(x)ziZi) dx - 5 / ^(x)(AV(zi)) -Vzxdx 

Jn 

- / (5z! +z 2 )(AX7-f) ■ Vzxdx 
Jn 

(y*oz)'(t) = [ 1 (x)f(x,z 1 (t)(x))z 2 (t)(x)dx. 
Jn 

(Voz)'(t) + 2S(Voz)(t)= [ -f(x)(2de-a(x))(dz 1 + z 2 ) 2 dx 

Jn 

(4.1) + / - f (x)(5z 1 +z 2 )f(x,z 1 (t)(x))dx 

Jn 

- / (5z! + z 2 ){AV 1 ) ■ X7z!dx 
Jo. 

Proof. By Proposition 3.11 we have that V and V* are defined and Frechet differ- 
entiate le on Z and for all z = (z\, z 2 ) and £ = (£1, £2) in Z 

DV(z)[t]= [ 1 (x){e(5z 1 (x)+z 2 (x)m 1 (x)+C2(x)) 
Jn 

+ {A(x)Vz 1 (x)) ■ V^i(x) + {(3{x) - 8a{x) + 5 2 e)z 1 (x)£ 1 (x)) dx 
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and 



DV*(z)[£]= [ 7 (x)/(x,Z!(x))ei(x)dx. 
Jn 

In particular, for z = (zi,z 2 ) G D(B) and to = (1^1,1^2) £ Z we obtain, omitting 
the argument x G O in some of the expressions below, 

DV(z)[Bz + w] 

= / 7(x) (e(<yzi + z 2 )(S(z 2 + tui) + (-(l/e)a(x)z 2 - (l/e)/3(x)z 1 + (l/e)Lz 1 + w 2 )) 
Jn 

+ {AVzx) ■ V{z 2 + W!) + {p{x) - 8a(x) + 5 2 e)z 1 (z 2 + Wl )) dx 

and 

DV*(z)[Bz + w] = / ^f(x)f(x,z 1 (x))(z 2 + w 1 )dx. 
Jn 

Evaluating further we see that 
DV(z)[Bz + w] 

= / "f(x)(e(5z 1 + z 2 )(S(z 2 + wi) + (-(l/e)a(x)z 2 - (l/e)(3(x)z 1 + w 2 )) 
Jn 

+ {AVzx) ■ Vwi + (/3(x) - 8a(x) + 5 2 e)z 1 (z 2 + wi)) dx 

+ / i(x)((6z 1 + z 2 )L Zl + (AVzi) -Vz 2 )dx. 
Jn 

By Green's formula 

/ 'j(x)((5z 1 +z 2 )Lz 1 + (AVz 1 )-Vz 2 )dx = - / 1 {x){AV{5z 1 + z 2 )) ■ Vz 1 dx 
Jn Jn 

- / (6z 1 + z 2 )(AV~f) ■ Vz!dx+ / ^(x)(AWz 1 ) ■ Vz 2 dx 
Jn Jn 

= - ^(x)(AW(Sz 1 )) • Vzi dx- (5zi + z 2 )(AV~f) • Vzi dx 
Jn Jn 

so we obtain 

DV(z)[Bz + w] 

= / -y(x)(e(8z 1 + z 2 )(5(z 2 + w 1 ) + (-(l/e)a(x)z 2 +w 2 )) 
Jn 

+ (AVzi) ■ Viui + (— 8a(x) + 5 2 e)zi(z 2 + w\) + (3(x)(z\Wi — 8z\Zi)) dx 

- I ^(x)(AW(8z 1 )) ■ Vz l dx - / (5z! + z 2 )(AV~f) ■ Vztdx. 
Jn Jn 
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Define the maps W: Z x Z -> R and W*: Z x Z -> R by 

W(z, w) = / 7(x)(e(52;i + z 2 )(8(z 2 + w\) + {-{l/e)a{x)z 2 + w 2 )) 
Jq 

+ (AVzi) ■ Vwi + (—6a(x) + 5 2 e)zi(z 2 + w±) + j3{x){z\wi — 5z±zi)) dx 

- / ^(x)(AW(5z l )) ■ Wzxdx - / (5z!+ z 2 )(AV~f) -Vztdx 
Jq Jq 



and 



W*(z,w)= / 'j(x)f(x,z 1 (x))(z 2 (x) + w 1 (x))dx 
Jq 

for (z, w) G Z x Z. In the particular case where w\ = we thus obtain 

W(z,w)= / 7(x)(e(<yzi + z 2 )(6z 2 + (-(l/e)a(x)z 2 + w 2 )) 
Jq 

(4.2) + (-5a(x) + S 2 e)z 1 z 2 - 5/3(x)z 1 z 1 ) dx 



- / -f(x)(AV(5z 1 ))-Vz 1 dx- / (5z 1 +z 2 )(AV-f)-Vz 1 dx 
I a, Jq 



and 



(4.3) W*(z,w)= [ -f(x)f(x,z 1 (x))z 2 (x)dx. 

Jq 

Using Hypothesis 3.1 and Proposition 3.11 we see that W and W* are continuous 
from Z x Z to R and so Theorem 2.6, formulas (4.2) and (4.3) and a straightforward 
computation complete the proof. □ 

Consider the following hypothesis. 

Hypothesis 4.2. 

(1) op > 0; 

(2) C,p, T G [0, oo[ and ~p G ]0, oo[ are constants and c: O — > [0, oof is a function 
withceL 1 ^). If N> 3, thenp< (2* /2) - 1; 

(3) a: O — * R is a measurable function such that the assignments «h |a|n and 
u I— > |«| x / 2 tx induce bounded linear operators from Hq(Q) to L 2 (0); 

(4) /:Qxl^l satisfies a C 1 -Caratheodory condition; 

(5) F is t/ie canonical primitive of f ; 

(6) <9 U / satisfies a (C,p, a) -growth condition; 

(7) |/(-,0)| l2 <_t; 

(8) f(x,u)u — fiF(x,u) < c(x) and F(x,u) < c(x) for a.e. x G O ana 1 every 
«GK. 

A sufficient condition for the dissipativity assumption (8) to hold is contained in 
the following lemma: 
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Lemma 4.3. Let f: O x R — > R satisfy a C° -Caratheodory condition and F be 
the canonical primitive of f . Let v, 7 G ]l,oo[ 6e constants and D G L x (0) 6e a 
function with D{x) > /or all x & Q and such that F(x,u) < D(x) for all x G O 
and aZZ «Gl. Assume also that the function u 1— > (7.0(2:) — ^(a;, n)) 1 ' is convex for 
a.e. x G O. 

T7ien f(x,u)u — JlF(x,u) < c(x) and F{x,u) < c(x) for a.e. x G O and every 
«Gl. #ere, /Z := (l/i/) and c(x) := max(l, 7^(7 - l) 1 - u i/- 1 )D(x), x G O. 

Proof. Define G(x,u) = —( r yD(x) — F{x,u)) v for x G O and uGt. Our convexity 
assumption implies that the function u 1— > d u G(x, u) is nonincreasing and continu- 
ous for a.e. igO. Notice that whenever h: R — > R is continuous and nonincreasing 
then h{u)u < f Q h(s) ds for all n G R. It follows that, for a.e. x G O and every 
u G O, 

u)( 7 D(x) - F(x, u))"-^ < n) - 0) 
( ' j = -(7£(x) - + {lD{x)Y. 

Since, for a.e. iGfi and every «G !1, 

7L>(x) - F(x, u) > (7 - l)D(x) > 

we obtain from (4.4) that 

u)u < -{lD{x) - F(x, u)) + (7D (x)) "((7 - l)!)^)) 1 -^ 
< F(x,u) +7^(7- l) 1_I/ -D(a:). 

The lemma is proved. □ 

Fix a C°°-function R — > [0, 1] with tf(s) = for s G ]-oo, 1] and tf(s) = 1 for 
s G [2, oof. Let 

:=^ 2 . 

For fcGN let the functions : M N — > R and tf fc : R N -> R be defined by 

d k (x) = $(\x\ 2 /h 2 ) and ^ fc (x) = $(\x\ 2 /k 2 ), x G R N . 

Theorem 4.4. Assume Hypothesis 4.2. Choose S and v G ]0, oof with 

(4.5) z/ < min(l,/Z/2), Ai - <5«i > and a - 2fe > 0. 

Under these hypotheses, there is a constant c' G [0, oof and for every R G [0, oof t/iere 
are constants M' = M'(R), Ck = Cf-(R) G [0, oof, k G N mft Cfc — > for k — > 00 
and svc/i i/iat /or every To G [0, oof and every solution z(-) 0/717- on I = [0, To] mft 

:(()) z < R 
(4.6) 

/ ((e/2)|^ 2 (t)(x)| 2 + (A(x)V Zl (t)(x)) ■ V Zl (t)(x) + (p(x) - 5a{x))\ Zl {t)(x)\ 2 ) dx 
< c + M'e~ 25v \ t G I. 
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If \z(t)\z <R fort el, then 



$ k (x)((e/2)\z 2 (t)(x)\ 2 + (A(x)V Zl (t)(x)) ■ Vzi(t)(x) 
( 4 - 7 ) + {(3{x) - 5a{x))\ Zl {t){x)\ 2 ) dx 



<c k + M'e~ 25v \ k e N, tel. 



Lemma 4.5. Assume the hypotheses of Theorem 4.4. Let 7, 7, V = and V* = 
V* be as in Proposition 4.1. For all z e Z and x e O define s(z)(x) = s-(z)(x) by 

s(z)(x) = -2 7 f(x)z 1 (x)(A(x)V 7 y(x)) ■ Vz x (x) - \z 1 (x)\ 2 (A(x)V 7 y(x)) ■ 
Given To e [0, oof and a solution z(-) ofitf on I = [0,ro], define 
17(f) = Vj (t) = V^(z(t)) - V;(z(t)), t e I. 

Then 

rf(t) + 26vri(t) <28{-p-v) I ^(x)c(x)dx 
(4-8) Jn 

- / (5z! + z 2 )(AV~f) ■ Vzi dx - 5(1 - v) s-(z(t))(x) dx, t e I. 
Jn Jn 

Proof. It is clear that, for all z e Z and x G fi 

\^(x)\ 2 (A(x)Vz 1 (x)) ■ Vzi(x) = (A(x)V(7^i)(x)) • V(7Zi)(x) + s(z)(x). 
Thus, by the definition of V, 

2V{z)> [ -f(x)((A(x)Vz 1 (x))-Vz 1 (x) + ((3(x)-5a(x))\z 1 (x)\ 2 )dx 
Jn 

= [ ((A(x)V^z 1 )(x))-V^z 1 )(x) + (/3(x)-Sa(x))\^(x)z 1 (x)\ 2 )dx 
Jn 

+ / s-(z)(x) dx > (Ai — 5ai)\ 7 yzi\'j j 2 + / s-(z)(x)dx> / s-(z)(ir) dx. 

jji Jn 

Hence 

(V o z)'(t) + 25v(V o = (V o z)'{t) + 2S(V o - 5(1 - v)2V{z{t)) 

< (Voz)'(t) + 28{Voz){t)- 5{l-v) [ s-(z(t))(x)dx. 

Jn 
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It follows that 

(V oz)'{t) + 28v{V o z){t) + 5{1 - v) [ s-(z(t))(x) dx 

Jn 

< (Voz)'(t) + 28(Voz)(t) 

<(28e-a ) / ~f(x)(5z 1 + z 2 ) 2 dx+ / i(x)(6z 1 + z 2 )f(x,z 1 (t)(x))dx 
Jn Jn 



Now 



- / (8z! + z 2 )(AV-f) ■ Vzxdx < 5 / -){x)zif{x, z x (t)(x)) dx 
Jn Jn 

+ I ^(x)z 2 f(x, Zl (t)(x))dx- I {8z 1 + z 2 ){AV 1 )-Vz 1 dx 
Jn Jn 

<8JI i(x)(F(x,z 1 (t)(x)) + c(x))dx-28v(V* oz)(t) 
Jn 

+ 2Sv(V* o z ){t) + (V* o z )'{t) - [ (8 Zl + z 2 )(AX7-f) ■ Vz 1 dx =: S* 

Jn 

S* = 8(jl—2i>) I r ){x)F{x, zi(t)(x)) dx + S~p / / y(x)c(x) dx 
Jn Jn 

+ 28u(V* o z )(t) + {V* o z )'{t) - [ (8 Zl + z 2 ){AV^) ■ Vz 1 dx 

Jn 

< 8(2jt-2u) / ~f(x)c(x)dx 
Jn 

+ 28u(V* o z ){t) + (V* o z )'{t) - [ (5z! + z 2 )(AX7-f) ■ Vzi dx. 

Jn 

This immediately implies (4.8) and proves the lemma. □ 

Proof of Theorem 4.4. Let To G [0, oo[ be arbitrary and z(-) of %f be an arbitrary 
solution of n f on / = [0, ro] with |z(0)|.z < R- Set 7 = 7=1. Then s-(z(t)) = 0. 
Thus Lemma 4.5 implies that 

(4.9) 7^ + 25z/?7 7 < c. 

where c = 25(fJ— v) J n r y(x)c(x) dx. Differentiating the function t 1— > ?7 7 (t)e 2<5!/ * and 
using (4.9) we obtain 

(4.10) t/ 7 (*) < (l/(2H)c[l - e~ 2Svt } + r7 7 (0)e- 2<5 ^, * G /. 

Our assumptions imply that there is a continuous imbedding Hq(Q) — > L^ +2 (0) 
with an imbedding constant C 2 . Let Lp, resp. L a be bounds on the operators from 
Hq(Q) to L 2 (0) given by the assignments u 1— > |/3| 1//2, u, resp. n 1— > lal 1 / 2 ^. Now a 
simple calculation using Proposition 3.11 shows that 

1^(0)1 < (l/2)(28 2 eR 2 + 2eR 2 + ai R 2 + (h\ + 8 2 e)R 2 ) 
( ''" ' + C(L 2 a R 2 /2 + (C 2 f +2 RP +2 /(p + 2)) + RT=: M. 
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The definitions of V~ and V* and our assumption on F now imply that, for t G /, 



(1/2) / (e\S Zl (t)(x) + z 2 (t)(x)\ 2 + (A(x)V Zl (t)(x)) - V Zl (t)(x) 
+ ((S(x) - Sa(x) + S 2 s)\z 1 (t)(x)\ 2 ) dx 



(A 12) 

< (l/(2H)c[l - e- 2Svt ] + Me- 2&vt + V*(z{t)) 
<(l/(2H)c[l-e" 2fot ]+¥e- 2&t + / c(x)dx. 

Now, for a±, a 2 G R we have 

Kl 2 = IK + a 2 ) + (-a 2 )| 2 < 2(|ai + a 2 | 2 + |a 2 | 2 ) 

so 

W + a 2 | 2 > (l/2)|a x | 2 - |a 2 | 2 
and thus setting a\ = z 2 (t)(x) and a 2 = fci(t)(ir) in (4.12) we obtain 

(1/2) f (( £ /2)|^ 2 (t)(x)| 2 + (A(x)V^(t)(x))-V^(t)(x) 
Jo. 

(4.13) + (/3(x) - 5a(x))\ Zl (t)(x)\ 2 ) dx 

< (l/(2(Ji/))c[l - e" 2 - 5 "*] + Me- 2&t + / c(x) dx. 

Setting c' = 2((l/(2<fo/))c + J n c(x) dx) and M' = 2M we obtain (4.6). 

Assume now that < R for all t G /. Let G N be arbitrary and set 

Vfc = F 7fe , V fc * = , s fc (z)(x) = s- k ( Z ){x) and = ?? 7fe , where 7 fc = and 

7fc = 7? fc . Since W fc (z) = (2/k 2 )$'(\x\ 2 /k 2 )x and W fc (a;) = (2/k 2 )$' (\x\ 2 /k 2 )x we 
have 



(4.14) sup |W fc (x)| < C#/k and sup |W fc (a;)| < C^/fc 

where = 2 v / 2sup yeM and = 2 v / 2sup yeM |# (y)\. 

We thus obtain 

(4.15) - / (Szt + z 2 )(AV4) • Vzi dx < ai (C#/k)(6R + R)R 

Jo. 

and 

(4.16) -5(1 -i/) / s fc (2(t))(x)dx<ai5(l-z/)(2C^/A; + C|/A; 2 )i? 2 . 
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Set 

£ fc = 28(~p-v) / |c(x)|dx 

(4.17) J{xen\\x\>k} 

+ ai (C<>/k)(5R + R)R + ai6(l - v)(2C#/k + C^/k 2 )R 2 . 
Using Lemma 4.5 we thus have that 

(4.18) V ' k + 28vr) k <Z k , keN. 
Differentiating the function t h- > r\ k {€)e 25vt and using (4.18) we obtain 

(4.19) Vk (t) < (l/(2fc/))&[l " e" 25 ^] + ?7 fc (0)e- 2 ^, t G J. 
We have 

(4.20) \ Vk (0)\<M 

where M is as in (4.11). Using our assumptions on $ we obtain 

(4.21) V*(z(t)) < [ $ k {x)c{x)dx< I c(x)dx=:Cfc, 



It follows that, for £ G I, 



/ (1/2) / ^( : r)(e|fc 1 (t)(a;) + ^(t)( : r)| 2 + (^(x)V^ 1 (t)( : r))-V^ 1 (t)( a ;) 

(4.22) 

+ - (Ja(x) + 5 2 £)|^(t)(x)| 2 ) dx < (l/(2<fc/))& + Me~ 25vt + ( k . 
As before, this implies that 

(1/2) / Mx){(e/2)\z 2 (t)(x)\ 2 + (A(x)Wz 1 (t)(x)) ■Wz 1 (t)(x) 

( 4 - 23 ) +(P(x)-5a(x))\ Zl (t)(x)\ 2 )dx 
< (l/(25u))C k + Me- 2S ^ + Ck. 

Setting M' = 2M and c fc = 2((l/(26v))£ k + ( k ), k G N we obtain (4.7). The 
theorem is proved. □ 

Theorem 4.6. Assume Hypothesis 4.2. Then %f is a global semiflow. Moreover, 
there is a constant C n , G [0, oof with the property that for every zq there is a 
t Zo G [0, oof such that \zoirft\z < C nf for all t G [t 2() ,oo[. Furthermore, every 
bounded subset of Z is ultimately bounded (rel. to iif). 

Proof. Using the first part of Theorem 4.4 together with Lemma 3.4 (with k = Scti) 
we conclude that for every zq G Z there is a constant C ZQ G [0, oo[ such that 
\zoTTft\z < C Zo for t G [0, u Zo [. Since 7T/ does not explode in bounded subsets of Z, 
this implies that uj Zo = oo, so 717 is a global semiflow. Similar arguments prove the 
other assertions of the theorem. □ 

Now consider the following alternative hypotheses: 
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Hypothesis 4.7. p is subcritical and a G L[ oc (M Ar ) for some r G K u>ii/i r > 
max(iV, 2). 

Hypothesis 4.8. p zs critical, a G L r (0) +L°°(0) /or some r G [AT, oo[ and (3.16) 
is satisfied. 

Lemma 4.9. Let iV be an arbitrary ultimately bounded set in Z = Hq(Q) x L 2 (0) 
(relative to iif), (z n ) n be an arbitrary sequence in N and (t n ) n be a sequence in 
[0, oo[ with t n — > oo. 

(1) if Hypothesis 4.7 holds, then the sequence (z n 7Tft n ) n has a subsequence which 
converges in Z. 

(2) if Hypothesis 4.8 holds, then (z n iift n ) n has a subsequence which converges 
inY = L 2 (0) x _£f _1 (fi). 

Proof. There is a and an i? 6 [0, oo[ such that \zirft\z < -R for all 2; G A" and all 
t G [tjy-, oo[. We may assume that t n > tfj and therefore, replacing z n by z n 7Tft^ 
and t n by t n — tfr we may assume that \z n 7Cft\z < R for all n G N and t G [0, £ n ]. 
For neN and t G [0, £ n ] let u n (t) be the first component of z n 7Tft. Let to G ]0, oo[ 
be arbitrary to be determined later. Then there an no(ro) G N such that t n > 2tq 
for all n G N with n > no(ro). For such n we have 

z n Kft n = T(r )z n nf(t n - T ) 

+ [ ° T(t - s)(0, (l/e)(/(u«(* n - r + s)) - /((l - d k )u n {t n - r + s)))) ds 
Jo 

+ / ° T(r - s)(0, (l/e)/((l - ~ r + s)) ds 

Jo 

We have 

(4.24) \T(T )z n 7Tf(t n -To)\z < Me-^R, n>n (r ). 
Since sup fc6N \'&k\w 1 ' oo (R N ) < 00 it follows from Lemma 3.9 that 

sup sup (\u n (t)\ H i + \(l-d k )u n (t)\ H i) < 00. 

k,nente[o,t N ] 

It follows from our hypotheses and from Proposition 3.12 that there is an L G ]0, oof 
such that for all k G N, n G N and t G [0, t n ] 

\f(u n (t)) - /((l - # k )u n (t))\ L 2 < L\d k u n {t)\ Hh . 

This implies that 

(4.25) ru 

°T(r - s)(0, (l/e){f(u n {t n - r + s)) - /((l - d k )u n {t n - r + s)))) ds\ z 

< sup |tf fc u n (£ n - r + s)\ H i(l/e)LM [ ° e -Mto-«) ds 
se[o,t ] Jo 

<(LM/(/je)) sup \&kUn(tn-To + s)\ H i, n > n (r ). 

s€[0,r ] 
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Now use Lemma 3.4 with k = Sa\. Let c > be as in that Lemma. It follows that, 
for k, n G N and t G [0, t n \ 

c\B k u n {t)\ 2 Hh < (AV(B k u n (t)),V($ k u n (t))) + {f3d k u n (t),d k u n (t)} 
- 5a 1 ($ k u n (t), : $ k u n (t)} 

< (AV(& k u n (t)),V(& k u n (t))) + (0$ k u n (t)^ k u n (t)) 
(4 26) - S{a'd k u n (t),-d k u n (t)) 

= [ i9 k (x)((AVu n (t),Vu n (t)) + (p(x)-Sa(x))\u n (t)(x)\ 2 )dx 
Jn 

+ 2(d k AVu n (t),u n (t)Vd k ) + (u n (t)AV$ k ,u n (t)V$ k ) 
<c k + M'e- 25vt + ai (2Cj/k + Cyk 2 )R 2 

Now, if n > no(ro) and s G [0, To] then t = t n — To + s > To so (4.26) implies that 

sup sup \& k u n (t n - r + s)\ H i -> 

n>no(r ) s6[0,r ] 

for k — > oo and to — > oo. It follows that the right hand sides of (4.24) and (4.25) 
can be made as small as we wish, by taking k G N and To > sufficiently large. 
Therefore, a standard argument using Kuratowski measure of noncompactness im- 
plies that the sequence (z n 7Tft n ) n has a subsequence which converges in Z (resp. 
in Y) provided we can prove that, for every k G N and To G ]0, oo[ the set 

Ko := { T(to - s)(0, (l/e)/((l - $k)u n {t n - t + s)) \ n > n (T ), s G [0, r ] } 

is relatively compact in Z (resp. in Y"). 

Let (zi)i be a sequence in K . It follows that for every / G N there are ni G N 
sj G [0, t ] with = T(t - si) (0,(1/ e)f(vi)) where vj = (1 - (*„, -t + s;). 

By choosing subsequences if necessary we may assume that si — > Sqo for some 
Soo G [0, To]. By Proposition 3.10 (vi)i is compact in L s (0) for each s G [2, oof such 
that s G [2,2*[ if iV > 3. 

First suppose that Hypothesis 4.7 holds. Then s G [2,2*[ for s G {2r/(r - 
2), 2(p + 1)}. Taking subsequences if necessary, we may thus assume that there is 
a v G i^o(fi) such that (vi)i converges to v weakly in Hq(Q) and strongly in L S (Q) 
for s G {2r/(r — 2),2(p+ 1)}. Moreover, whenever x G O and |x| > \/2/c then 
t>z(x) = for all / G N, and so we may assume that v(x) = 0. Thus 

(4.27) a(x)(vi(x) - v(x)) = a\(x)(vi(x) - v(x)), I G N, x G O 

where ai :R N -> R is defined by ai(x) = a(x) if x G O and |x| < \/2/c and ai(x) = 
otherwise. Note that a x G L r (R N ) so the map L 2r /( r " 2 )(0) -> L 2 (0), /i ^ ai/i is 
defined, linear and bounded. Now (3.24) and (4.27) imply that \f(vi) — /(w)|l 2 - >■ 
as / — > oo. This clearly implies that \z\ — T(tq — Soo)(0, (l/e)f(v))\z — > as / — > oo. 
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Now suppose Hypothesis 4.8. Then 2 G [2,2*[ for N > 3. Taking subse- 
quences if necessary, we may thus assume that there is a v G Hq(Q) such that 
(vi)i converges to v weakly in Hq(Q) and strongly in L 2 (0). Using (3.28) we ob- 
tain that \f(vi) — /(f) In -1 as / — + oo. Proposition 3.8 now implies that 
\zi — T(to — Soo)(0, (l/e)f(v))\Y — ► as / — > oo. The lemma is proved. □ 

We can now prove the first main result of this paper. 

Theorem 4.10. Assume Hypotheses 4.2 and 4.7. Then 717 is a global semiflow 
and it has a global attractor. 

Proof. This is an immediate consequence of Theorem 4.6, Lemma 4.9 and Propo- 
sition 2.1. □ 

We will now treat the critical case. 

Proposition 4.11. Assume Hypotheses 4.2 and 4.8. Let Cq G [0, oof be arbitrary. 
Then there is a constant C7 G [0, oof such that whenever t G [0, oof and z\ and 
Z2 G Z are such that \z\\z < Cq and \z2\z < Cq then 

\ziiTft - z 2 n f t\ Y < C 7 e° 7t \z 1 - z 2 \ Y . 

Proof. By Theorem 4.4 and Lemma 3.4 there is a constant C 8 G [0, oof such that 
whenever z G Z and \z\z < Cq then \ziTft\z < Cs for all t G [0, oof. By (3.28) we 
now obtain a constant Cg G [0, oof such that |/(wi) — f{u2)\H~ 1 — Cg\u\ — u 2 \l 2 
for all z\ = (u\,vi), z 2 = (u 2 , v 2 ) G Z with \z\\z < Cs and \z 2 \z < Cs- Now 
Proposition 3.8, the variation-of-constants formula and Gronwall's lemma complete 
the proof. □ 

Theorem 4.12. Assume Hypotheses 4.2 and 4.8. Then 717 zs asymptotically com- 
pact. 

Proof. We use an ingenious method due to J. Ball, cf. [5, 18, 20]. 

Let N be a 717-ultimately bounded subset of Z. Then there is a t^ G [0, oof and 
a C10 G [0, oof such that \z%ft\ < C\q whenever z G N and t > tjj. Let (z n ) n be an 
arbitrary sequence in N and (t n ) n be an arbitrary sequence in [0, oof with t n — > 00 
as n — > 00. We must prove that a subsequence of (z n TVft n ) n converges strongly in 
Z. Now using Lemma 4.9 and Cantor's diagonal procedure we see that there is a 
strictly increasing sequence (nk)k m N and for every / G Z with / > there are a 
ko(l) G N and & wi £ Z with \wi\ < C\q such that t nk — I > tjj for k > ko(l) and 
the sequence (z nk TVf(t nk — l))k>k (l) converges to wi weakly in Z and strongly in Y. 
By Proposition 4.11, for every / G N and t G [0, oof, 

(4.28) (z nk iTf(t nk — l))^ft — > wiTTft, as — > 00, strongly in y. 

This shows that «;z7r// = iwq for all / G N. Now define the function T: Z — > K. by 
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where V and V* are as in Proposition 4.1 with 7 = and 5 G ]0, 00 [ such that 
A — 8cz\ > and cto — 25e > 0. Using (3.25) we see that there is a constant 
Cn G [0, oof such that 

sup \F(z)\ <C n . 

zez,|z| z <Cio 

Note that \I/:Z — > Z, (it, u ) 1— > (it, <5u + is an isomorphism of normed spaces. 
Thus 

[(tti, vi), («2, i> 2 )] := e(5iti + f 1, 5-U2 + U2) + (AV-ui, -u 2 ) + ((/? - 5a + 5 2 e)ui, u 2 ) 

defines a scalar product on Z whose norm z 1— > ||z|| := a/[z, 2] is equivalent to the 
usual norm on Z. Note that ^"(z) = ||-2|| 2 — V*(z) for z £ Z. 

Let C = (Ci, C2): [0, oof — > Z be an arbitrary solution of 7T/. Proposition 4.1 
implies that the function FoQ is continuously differentiable and for every i e [0, oof 

(^oC) , (t) + 2^(C(t))= / (2fe-a(x))(5Ci(t)(x) + C 2 (t)(x)) 2 dx 
+ / 6( 1 (t)(x)f(x,( 1 (t)(x))dx-26 [ F(x,Ci(t)(x))dx. 

It follows that for every t G [0, oof 
(4.29) 

+ J e" 2 ^- s) (^J (25e-a(x))(5Ci(s)(x)+( 2 (s)(x)) 2 dx^ ds 

I e -2S(t-s) { I S( 1 (s)(x)f(x,( 1 (s)(x))dx-26 [ F(x,Ci(s)(x))dx) ds. 

Jo \Jfl Jil J 

Fix / G N and, for k > ko(l), let Ck(t) = ( z n k ^f(t nk — l))irft and ((t) = wiir/t for 

t G [0, oof. Then (4.29) with t = I implies that 

(4.30) 

\\Vf(t nk )\\ 2 - V*(z nk n f (t nk )) = e- 2Sl F(z nk n f (t nk - /)) 
-1 



r-t 



( e -26(i-s) f [ < j Cfcil ( s )( a; )/( a ; >Cfcjl ( a )( a; ))dx-2(J / F(x,(k,i(s)(x))dx) ds. 
\Jn Jn J 



-1 

+ 



and 
(4.31) 

\\w \\ 2 -V*(w ) = e- 25l F(w l ) 

+ 



jf e -2S(i-s) Q ^5e-a(x))(5C 1 (s)(x) + C 2 (s)(x)) 2 dx^ ds 
f l e -2S(i- s) f f 6 ( 1 (s)(x)f(x,(i(s)(x))dx-28 f F(x,(i(s)(x))dx) ds. 

JO \J(i Jn J 



+ 
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Using (3.26) and (3.28) we see that 

(4-32) V*(z nk Tr f (t nk ))^V*(w ) 

and 
(4.33) 



f e -2S(i-s)f f S( kA (s)(x)f(x,(k,i(s)(x))<lx-25 f F(x,Ck,i(s)(x))dx) ds 
Jo \Ju Jn J 

_^ I e -2S(i-s) f I sCi(s)(x)f(x,Ci(s)(x))dx-2S [ F( Xl (i(s)(x))dx) ds 
Jo \Jn Jo, J 



as k — > oo. We claim that 

ol 



(4.34) 



hmsup / e~ 2S ^( [ (2fe-a(x))(5a,i( S )(x) + a,2(s)(x)) 2 dx) ds 
k^oo Jo \Jn J 

< j\- 25 V- s) (^J (25e-a(x))(5C 1 (s)(x) + C 2 (s)(x)) 2 dx S j ds. 



In fact, since a(x) — 25e > for all x G O we have by Fatou's lemma 
(4.35) 

hmsup / e~ 2S ^( [ (28e-a(x))(8( kA (s)(x) + ( k , 2 (s)(x)) 2 dx) ds 

k^oo Jo \JSl J 

= -hminf f e~ 2S ^( f (a(x)-28e)(8( k , 1 (s)(x) + ( k , 2 (s)(x)) 2 dx) ds 
fc ^°° Jo \Jn J 

< - [ e- 2<5( ^hminf ( [ (a(x) - 28s){8Ck,i{s){x) + Ck,2(s)(x)) 2 dx) ds 
Jo \Jn J 

Let s G [0,/] be arbitrary. Since ({(k,i(s), CkM s )))k converges to (Ci(s), C2(s)) 
weakly in Z and \1/ is continuous, linear, hence weakly continuous, it follows that 

((Cfc,i(s),5Cfc,i( s ) +Cfc,2( s )))* converges to + C 2 («)) weakly in Z. It 

follows that for every v G L 2 (0) 

(v, S(k,i(s) + CkM s )) -> ( v i *Ci(s) + C2(s)) as k -> oo. 
Taking u = (a — 2fe)(5(j(s) + 5^2 (s)) we thus obtain 
\(a-28e) 1 / 2 (8( 1 (s) + 8( 2 (s))\ 2 L2 

= ((a - 25e) 1 / 2 (5( 1 (s) + 5( 2 (s)), (a - 25s) 1 ' 2 (5 Us) + 8( 2 (s))) 

= lim ((a - 25e) 1 / 2 (5( 1 (s) + 6(2(3)), (a - 25s) 1 ' 2 (<5C M (s) + ^mOO)) 

< I (a - 25e) 1 / 2 (5( 1 (s) + 8( 2 (s))\ L 2 liminf \(a - 26s) 1 / 2 (6Ck,i(s) + SCkM)\ L 2 

k^oo 
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and so 



(4.36) 



(a(x) -25e)(8( 1 (s)(x) + ( 2 (s)(x)ydx 
< liminf ( [ (a(x) - 2Se)(SCk,i(s)(x) + a, 2 (s)(x)) 2 dx 



Inequalities (4.36) and (4.35) prove (4.34). Using (4.30), (4.31), (4.32), (4.33) 
and (4.34) we obtain 

limsupll^Tr/^jf-y*^) < e- 25l Cn 
A 

+ I e 



jf e~ 2S ^ (^J (25e-a(x))(5C 1 (s)(x)+C 2 (s)(x)) 2 dx^ ds 

f e -2S(i-s) f f sC 1 (s)(x)f(x,Ci(s)(x))dx-2S [ F(x,(i(s)(x))dx) ds 
o \Ja Jn J 



+ 

= e- MI Cn + \\w \\ 2 - V*(w ) - e- 2Sl F(wi) < 2e~ 2Sl C 11 + \\w \\ 2 - V*(w ). 
Thus for every / G N 

limsup||z nfc 7r/(* nfc )|| 2 < 2e~ 2Sl Cn + \\w \\ 2 

k^oo 

SO 

limsup ||^n fc 7r/(*n fc )|| < ||^o li- 
fe — >oo 

Since (z nk 7r f(t nk ))k converges to wq weakly in (Z, [•,•]) we have 

liminf || z nk Tv f (t nk ) || > ||w ||- 

fe^oo 

Altogether we obtain 

lim \\z nk 7r f {t nk )\\ = || w 1| . 

k — »oo 

This implies that (z nk 7Tf(t nk ))k converges to wo strongly in Z and completes the 
proof. □ 

We can now prove the second main result of this paper. 

Theorem 4.13. Assume Hypotheses 4.2 and 4.8. Then %f is a global semiflow 
and it has a global attractor. 

Proof. This is an immediate consequence of Theorem 4.6, Theorem 4.12 and Propo- 
sition 2.1. □ 
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